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Abstract 

We show that the asymptotic symmetry algebra of geometries with Schrodinger 
isometry in any dimension is an infinite dimensional algebra containing one copy of 
Virasoro algebra. It is compatible with the fact that the corresponding geometries 
are dual to non-relativistic CFTs whose symmetry algebra is the Schrodinger algebra 
which admits an extension to an infinite dimensional symmetry algebra containing a 
Virasoro subalgebra. 



1 Introduction 



AdS/CFT correspondence [1] has provided us with a powerful framework to study strongly 
coupled conformal field theories. This is done by making use of weakly coupled gravities on 
backgrounds containing an AdS part. According to the AdS/CFT duality there is a one to 
one correspondence between objects on the gravity side and those in the dual conformal field 
theory. In particular it is known that the symmetries of the conformal field theory can be 
geometrically reahzed on the gravity side as the isometrics of the metric. Indeed it is well 
known that the asymptotic symmetry of an AdSd+i geometry is the conformal group in d 
dimensional spacetime [2]. 

For later use, following [2], it is instructive to review how to find the asymptotic symmetry 
of a geometry which is asymptotically AdS. Consider a metric g/^i, = g^i, + h^y where is 
the metric of an AdSa+i space given by 

ds'' = Qmndx^dx^ = -d^ + dx^ + dz^ ^ i = 1, • ■ • , d - 1. (l.l) 

and /i^j, is deviation of the metric consistent with the particular solution. To have a well 
defined asymptotically AdS solution h^,^ should have a proper falloff as we approach the 
boundary at 2; — > 0. We consider the boundary conditions as follows [2] 

V = h,^^0{z), h,,^0{l), (1.2) 

where /x, z/ = 0, 1, • ■ • d — 1. Now the aim is to find the asymptotic Killing vectors ^ = i^'dm 
which preserve the above boundary conditions. It is straightforward to solve the asymptotic 
Killing equations, jC^gmn — h^v-i to find [3] 

e = e'^(t,x,)-^r^'^^aj 5^a,e''(i,x,) ) +0(z^). 



d 

= ^^a,e''(i,a;,) + C(^'), (1-3) 



where r}'^'' is the metric of the flat Minkowski space and e'* is a function of t and Xi satisfying 

2 
d 



2 ^ 

di,(^u{t, Xi) + dye^{t, Xi)-^ - "Y^ dpEp. (1.4) 



p 



We note that this is the equation we get for the parameter of the conformal transformation 
in d dimensions. When d > 2 this leads to S0{2,d) group while for 0? = 2 the conformal 
group generates two copies of the Virasoro algebra. 

The aim of this article is to extend the above considerations for geometries with Schrodinger 
isometry. In fact it has recently been proposed in [4, 5] that gravity on a background with 
Schrodinger isometry is dual to a non-relativistic CFT. 

An important point we would like to mention is that the d — 1 dimensional Schrodinger 
algebra which generates the symmetry of the d dimensional non-relativistic CFTs admits 
an extension to an infinite dimensional symmetry algebra containing a Virasoro subalgebra. 
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This has to be compared with the relativistic CFTs whose symmetry algebra is finite in all 
dimensions except for d = 2, where we get two copies of Virasoro algebra. Therefore if we 
would like to establish the non- relativistic AdS/CFT correspondence one should be able to 
show that the asymptotic symmetry of geometries with Schrodinger isometry is an infinite 
dimensional algebra containing one copy of the Virasoro algebra in arbitrary dimensions. In 
this article we show how this can happen. 

This paper is organized as follows. In the next section we briefiy review the d — 1 
dimensional Schrodinger algebra and its infinite dimensional extension. In section three we 
study the asymptotic symmetry of the geometries with Schrodinger isometry where we show 
that an infinite dimensional symmetry can be realized. To be precise in this section we will 
obtain the algebra of the asymptotic Killing vectors. We note, however, that the conserved 
charges generating the asymptotic symmetry in general have the same algebra up to central 
extension. The last section is devoted to discussions. 



2 Non-relativistic CFTs and Schrodinger algebra 

In this section we review the Schrodinger algebra and its infinite dimensional extension in 
arbitrary dimensions. The generators of the Schrodinger algebra are spatial translations 
Pi, rotations Jij, time translation H, Galilean boosts Ki, dilation D and special conformal 
transformation C. The algebra of Schd-i with a central extension given by the number 
operator N may be written as 

[Jij,Pk] = —{^ikPj — SjkPi), [Jij,Kk] = —{6ikKj — 6jkKi), 

[Jij, Jki] = -SikJji + perms, [Pi, Kj] = -N6ij 

[D, Pi\ = [D, Ki\ = -K„ [D, H] = H, 

[C,Pi\=K„ [D,C] = -C, [C,H] = 2D. (2.1) 

It is worth noting that the generators D, H and C form an SL{2, R) algebra. As we will see 
this is exactly the reason why the Schrodinger algebra has an infinite dimensional extension. 
On the other hand since [-D, A^] = one may diagonalize them simultaneously leading to 
the fact that representations of the Schrodinger algebra may be labeled by two numbers; 
conformal dimension A and a number M which are the eigenvalues of D and A^, respectively. 

The generators of the Schrodinger algebra can be thought of as vector fields defined on 
d dimensional spacetime with the following representation 

Jij = -{xidj - Xidi), Pi = -di, H = -dt, N = -M 

Ki = -{tdi + XiM), D = -{tdt + ]<tidi), C = -ifdt + tXidi + ^x^M). (2.2) 

where x^ = XiXi. Following [10] one can define the generators of the corresponding infinite 
dimensional algebra in d — 1 dimensions as follows 



^This algebra can be obtained from the relativistic conformal algebra in d+1 dimensions. In other words 
the Schrodinger group may be thought of as a subgroup of 50(2, with fixed momentum along the null 

direction (see for example [6-9]). 
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Q^n = -r+^/'9,-(n + -)r-^/2^,M, T^ = -eM. (2.3) 

Here n G^and n G^+ |. It is straightforward to see that the above generators satisfy the 
following commutation relations 

[Ln, Lm] = ijl — TnjLn+m, [Qih, Qjrh] = {fi — rh)5ijTn^m, 

Tl 

[Ln,Qim] ~ ("2 ^ ^)Qi(n+m)y [Ln,Tm] = —TTlTn+m- (2-4) 

Note that due to non-trivial contribution of number operator to the Galilean boost the 
Schrodinger algebra does not allow an infinite dimensional extension for rotations Jij. Thus 
we find 

\JijiQkfi\ i^ikQjn ^jkQih)} [-^n; "^ij] (2-5) 

This may be compared with the Galilean conformal algebra recently studied in [1 1] where it 
was shown that the algebra allows an infinite dimensional extension for rotations too. 

In the next section we show that the above algebra is indeed asymptotic symmetry algebra 
of the geometries with Schrodinger isometry. 



3 Asymptotic symmetry 

Following the relativistic AdS/CFT correspondence one expects that if there exist gravity 
duals to non-relativistic CFTs, the isometry of the relevant geometry must be the Schrodinger 
group. In fact such gravity duals exist, for example consider the metric 



dt'^ -dtdr] + dxj + dz"^ 
ds = - + , t = l,--- ,d-l, (3.1) 



which could be thought of as a solution of a + 2 dimensional gravity coupled to massive 
gauge field [4,5]. It is easy to see that the isometry of the above metric has d — 1 dimensional 
Schrodinger group. 

This metric has been proposed to provide a gravity description for non-relativistic CFTs. 
Such non-relativistic CFTs admit a Schrodinger algebra. On the other hand since the 
Schrodinger algebra admits an infinite dimensional extension one may wonder if the ex- 
tended algebra can be seen from the gravity description too. The situation is very similar to 
the AdS^ case where it is known that its asymptotic symmetry algebra contains two copies 
of Virasoro algebra in agreement with the symmetry of 2D CFT. 

In this section we study the asymptotic symmetry of the metric f l3.ip to see how the 
infinite dimensional symmetry algebra arises. It has to be compared with the AdS space 
where the symmetry is finite dimensional except for Ad S3 and AdS2. 

The non-trivial point which allows the non-relativistic CFTs to have infinite dimensional 
symmetry algebra is the fact that the Schrodinger algebra in any dimension has an SL{2, R) 
subalgebra generated by the time translation, dilation and special conformal transformation. 
This factor can be extended to the Virasoro algebra and therefore to get a closed algebra 
the other generators should also admit an infinite dimensional extension. 

From the gravity point of view there is a direct observation to see why the metric (13. ip 
leads to an infinite dimensional symmetry in any dimension while it is not the case for AdS 
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geometry. In fact the crucial point is to see how the SL{2, R) factor may be reahzed from 
the geometry (13. ip . To see this, it is useful to define a new coordinate p = by which 
the metric fl3.ll) reads 



-dt^ + dp^ 



H i—dtdr] + dxl). 

2p 



(3.2) 



It is now evident that for small p the first factor dominates and therefore we observe that 
asymptotically the background approaches an AdS2 which is the realization of the SL{2, R) 
subalgebra. On the other hand it has been shown [12] that the asymptotic symmetry group 
of an asymptotically AdS2 geometry is one copy of the Virasoro algebra. This is indeed the 
Virasoro subgroup we are looking foil^. 

We note, however, that in our case having had an AdS2 factor, though necessary, is not 
sufficient to get infinite dimensional extension of the isometry of the solution. This is due to 
the fact that the geometry is not asymptotically factorized as a direct product of AdS2 x 
with being d- dimensional Minkowski space. In particular we note that for arbitrary 
dynamical scaling it is always possible to bring the metric into a form with a factor of AdS2, 
though only for the present case we have infinite dimensional extension of the isometry 
algebraic. Therefore to find the explicit form of the generators of the asymptotic symmetry 
we follow the procedure of [2] as reviewed for AdS space in the introduction. 

To proceed, motivated by the boundary conditions of the AdS space (II. 2p . we consider 
the following boundary conditions for geometries which are asymptotically equivalent to the 
metric (13.11) 



(3.3) 



It is straightforward to see that the following asymptotic Killing vectors preserve the above 
boundary condition 



/ htt 




htri 


= 0(1) 


hti 


= 0{z') 


htz 


= 0{z) 




hr)t 


— htr) 


h 

""qr] 


= 0{z' 


hrji 


= 0{z') 


h 

""qz 


= 0{z) 




hit 


= hti 


h- 


hrji 


hij 


= 0(1) 


hiz 


= 0{z) 






= htz 


hzT] 


h-qz 


hzi 


hiz 


hzz 


= 0{l) 


1 



(1) 



+ 



e{t) + 0{z 

m + 



dt + 



-e\t) + 0{z^ 



dz + 



e'{t) + 0,{z' 



di. 



z^ + 



e"it) + Oiz^) 



(2) 



o,{z'')dt + o,{z^)dz + 



m + o{z') 



/3'it)x, + 0,iz^) 



a, 



(3.4) 



^Galilean conformal algebra in d dimensions has recently been obtained from d dimensional conformal 
algebra by a contraction in [11]. The authors observed that the Galilean conformal algebra admits an 
extension to an infinite dimensional symmetry algebra. In the light of our discussions one may wish to 
interpret this effect as the fact that there is an SL{2, R) subgroup which should also be geometrically 
realized from the gravity description. Actually this is the case. Indeed the corresponding gravity description 
may also be obtained by a contraction of AdSd+i geometry. Doing this the resultant gravity develops an 
AdS2 factor as the base space over which we have a d — 1 dimensional fiber. 

•^We would like to thank M. Edalati for pointing out the confusion of the text in the early version of the 
paper. 
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where e, (3 and 5 are functions of t which may be thought of as independent polynomials of t. 
The prime denotes derivative with respect to t. To mode expand the above Killing vectors 
we set e(t) = —t^^^,P(t) = —t^ and 6{t) = — by which one finds 

Qin = -{edi + ne^'xid^), T„ = -r5„ (3.5) 



satisfying 



[Lny — (jl — m)L„_|_m, [Qin, Qjrh\ — ijl — rfl)5ijTj 



n+mi 



,n 



\Ln^Qirh\ — (— ~ '^)Qi(n+rh)i [LnyTm] — —TnTn-\-m: (3-6) 

in precise agreement with (12 ■4p . In order to compare our results with those in the previous 
section we have denoted the generators of the asymptotic Killing vectors by the same latter 
as that in (I2.3p . Note that to precisely map the resultant algebra to those in (12 .4^ one needs 
to change n^n + ^ = hm the generators Qm- 

It is worth mentioning that for the limit of 2; — > 0, setting drj = M the above generators 
reduce to those in the previous section. This is compatible with the fact that the derivative 

should be identified with the number operator in the dual non-relativistic CFT (see for 
example [13-15]). It is also obvious from the metric (13. ip that it is invariant under rotations 
among the spacial coordinates Xj's giving rise to the rotation generators Jij as the last part 
of the symmetry algebra. 

As a result we could uncover the infinite dimensional Schrodinger algebra from the algebra 
of asymptotic Killing vectors of metric (13. ip . On the other hand we note that the conserved 
charges of the corresponding asymptotic Killing vectors which generate the asymptotic sym- 
metry satisfy the same algebra of the asymptotic Killing vectors up to a possible central 
extension. In the next section we will give comments on the central extension of the resul- 
tant algebra. 



4 Discussions 

In this paper we have studied the asymptotic symmetry of geometries with Schrodinger 
isometry. We have shown that unlike the AdS geometry where only for AdS^ and AdS2 
we get infinite dimensional asymptotic symmetry, in this case the asymptotic symmetry is 
infinite dimensional in any dimension. 

We have noticed that the crucial point behind this interesting phenomenon is the fact that 
the Schrodinger group in any dimension has an SL[2, R) subgroup which can be geometrically 
realized from the dual gravity description. More precisely geometries with Schrordinger 
isometry are asymptotically Ad 82- It is also known that the asymptotic symmetry of the 
AdS2 space is one copy of Virasoro algebra. As a result the SL{2, R) subalgebra can be 
extended to the Virasoro algebra. In fact to find the infinite dimensional extension of the 
algebra it is enough to find the Virasoro algebra. The others can be found via the closure of 
the algebra. 

As a byproduct, our results make it possible to compare two different proposals of the 
gravity description of non-relativistic CFTs made in [4,5] and [16,17]. While the former 
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proposal is based on the metric (13.11) . the latter is based on gravity in the AdS geometry 
where the conformal symmetry of the boundary is broken to the non-relativistic one via a 
non-trivial boundary condition for the fields on the bulk. As we reviewed in the introduction 
the asymptotic symmetry of the AdS space is a finite dimensional algebra which does not 
allow to get an infinite dimensional extension of the Schrodinger algebra. Therefore our 
result is in favor of the proposal based on the metric (13.11) [4,5]. 

Since we have a Virasoro subalgebra an immediate question arises, does this Virasoro 
algebra admit a central extension? In other words we would like to know if the algebra 
of conserved charges which generates the above asymptotic symmetry has non-zero central 
charge. Actually it is known that there is a unique central extension to the infinite dimen- 
sional Schrodinger algebra [10] and indeed the central extension is the one parameterized by 
central charge c of the Virasoro subgroup, i.e. 

[L„, Lm] = {n- m)Ln+m + ~ n)Sn+m- (4.1) 

On the other hand since this factor is the common part of the Schrodinger algebra in any 
dimension, one may expect that the non-relativistic CFTs have non-zero central charge in 
any dimension. Actually it was shown [18] that the non-relativistic field theories may give 
rise to anomalies. 

From the gravity point of view since in any dimension the geometry develops an AdS2 
factor as we approach the boundary, following [19] (see also [20-24]) one may expect that 
the gravity on asymptotic AdS2 geometry leads to a Virasoro algebra with non-zero central 
charge. Of course the argument of [19] was based on the fact that there is a twisted energy 
momentum tensor due to a non-zero U{1) current. Since the metric we have been considering 
may be embedded in a ci + 2 dimensional gravity coupled to a massive gauge filed [4] , one 
may suspect that the same argument as that in [19] may be applied in our case too leading 
to a non-zero central charge. It would be interesting to understand this point better. 

To have an insight how the Virasoro algebra may get a central extension it would be 
instructive to study d = 1 in more detail where we will also observe a new phenomenon. For 
d = 1 the metric (13. ip reads 

, o dt^ —dtdri + dz^ , , ^, 

<^^^ = — r + -2 ' 4.2 

with the following asymptotic symmetry algebra 

The above solution has SL{2,R) x f/(l) isometry which is naively extended to a Virasoro 
algebra plus an affine U{1) algebra. 

To find the central charge it is useful to note that the above solution may be alternatively 
thought of as a solution of topologically massive gravity known as null AdS^ solution [25]. It 
was argued in [25] that the CFT dual to this background at least has one copy of Virasoro 
algebra with central charge 2/G, where G is three dimensional Newton's constant]^. 



*In our notation we set the radius of the metric to one. 
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In this context it has been shown [26] that the symmetry of the conserved charges may 
contain two copies of Virasoro algebra with the following central charge^ 

1 2 
c+ = ^, c_ = -, (4.4) 

Therefore, if correct, it means that in three dimensions we get even more than what we 
bargained for; namely not only the central charge is non-zero but the geometry leads to two 
Virasoro algebras with non-zero central charges. 

This has to be compared with higher dimensional cases where it was proved that the 
Schrodinger algebra can have only one central term corresponding to the central extension 
of one copy of Virasoro algebra which appeared in the infinite dimensional extension of the 
Schrodinger algebra [10]. The point which might be responsible for this peculiar behavior is 
that for d = 1 due to the absence of the spacial directions it is possible to impose another 
falloff of the metric components such that to give way for bigger symmetries [26] which is 
impossible when Qj's are non-zero. 

Concerning the above discussions one may conclude that similar to the relativistic CFTs 
for which d = 2 is exceptional in the sense that conformal group becomes infinite dimensional 
in two dimensions, the non-relativistic CFT's in d = 1 are also exceptional. While the non- 
relativistic conformal symmetry in any dimension has an infinite dimensional extension, it 
is only the case of d = 1 where we get two copies of Virasoro algebra. It would be extremely 
interesting to further explore this point. 

Acknowledgments 

We would like to thank Omid Saremi for collaboration in the early stage of the project. We 
would also like to thank Hamid Afshar, Amin Akhavan, Davod Allahbakhsi, Ali Davody and 
Ali Vahedi for discussions on the different aspects of non-relativistic AdS/CFT correspon- 
dence. This work is supported in part by Iranian TWAS chapter at ISMO. 

References 

[1] J. M. Maldacena, "The large N limit of super conformal field theories and supergrav- 
ity," Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] 
[ arXiv:hep-th/9711200] . 

[2] J. D. Brown and M. Henneaux, "Central Charges in the Canonical Realization of 
Asymptotic Symmetries: An Example from Three-Dimensional Gravity," Commun. 
Math. Phys. 104, 207 (1986). 

[3] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, "Guage theory correlations from 
noncritical string theory," Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109j . 

^We note, however, that beside the asymptotic behavior the central charges depend on the theory as 
well. Therefore what we may find in the TMG does not necessarily apply for the model we were considering. 
Nevertheless this may give an insight about the special feature of d = 1. 



7 



[4] D. T. Son, "Toward an AdS/cold atoms correspondence: a geometric realization of the 
Schroedinger symmetry," Phys. Rev. D 78, 046003 (2008) [a rXiv: 0804 .3972 [hep-th]]. 

[5] K. Balasubramanian and J. McGreevy, "Gravity duals for non-relativistic CFTs," Phys. 
Rev. Lett. 101, 061601 (2008) larXiv:0804.4053 [hep-th]]. 

[6] G. Burdet, J. Patera, M. Perrin and P. Winternitz, "The Optical Group And Its Sub- 
groups," J. Math. Phys. 19, 1758 (1978). 

[7] C. Duval, G. Burdet, H. P. Kunzle and M. Perrin, "Bargmann Structures And Newton- 
Cartan Theory," Phys. Rev. D 31, 1841 (1985). 

[8] M. Henkel and J. Unterberger, "Schroedinger invariance and space-time symmetries," 
Nucl. Phys. B 660, 407 (2003) | arXiv:hep-th/0302187j . 

[9] C. Duval, M. Hassaine and P. A. Horvathy, "The geometry of Schrodinger symmetry in 
gravity background/non-relativistic CFT." arXiv:0809.3128 [hep-th]. 

[10] M. Henkel, "Schrodinger invariance in strongly anisotropic critical systems," J. Statist. 
Phys. 75, 1023 (1994) [ arXiv:hep-th/9310081] . 

[11] A. Bagchi and R. Gopakumar, "Galilean Conformal Algebras and AdS/CFT," 
iarXiv:0902. 13851 [hep-th]. 

[12] A. S trominger , "AdS'2 quantum gravity and string theory," JHEP 9901, 007 (1999) 
|arXiv:hep-th/9809027| . 

[13] A. Adams, K. Balasubramanian and J. McGreevy, "Hot Spacetimes for Cold Atoms," 
JHEP 0811, 059 (2008) |arXiv:0807.lTTn [hep-th]]. 

[14] C. P. Herzog, M. Rangamani and S. F. Ross, "Heating up Galilean holography," JHEP 
0811, 080 (2008) [arXiv:0807.1099 [hep-th]]. 

[15] J. Maldacena, D. Martelli and Y. Tachikawa, "Comments on string theory backgrounds 
with non-relativistic conformal symmetry," JHEP 0810, 072 (2008) [a rXiv:0807.1100l 
[hep-th]]. 

[16] W. D. Goldberger, "AdS/CFT duality for non-relativistic field theory," larXiv:0806.2867l 
[hep-th]. 

[17] J. L. B. Barbon and C. A. Fuertes, "On the spectrum of nonrelativistic AdS/CFT," 
JHEP 0809, 030 (2008) [ar Xiv:0806.3244 [hep-th]]. 

[18] O. Bergman, "Nonrelativistic field theoretic scale anomaly," Phys. Rev. D 46, 5474 
(1992). 

[19] T. Hartman and A. Strominger, "Central Charge for AdS2 Quantum Gravity," 
larXiv:08 03.3621 [hep-th]. 



8 



[20] M. Alishahiha and F. Ardalan, "Central Charge for 2D Gravity on AdS(2) and 
AdS(2)/CFT(l) Correspondence," JHEP 0808, 079 (2008) [ arXiv:0805.1861. [hep-th]]. 

[21] M. Cadoni and M. R. Setare, "Near-horizon hmit of the charged BTZ black hole and 
AdS2 quantum gravity," larXiv :0806.2754 [hep-th]. 

[22] A. Castro, D. Grumiller, F. Larsen and R. McNees, "Holographic Description of AdS2 
Black Holes," larXiv:0809.4264l [hep-th]. 

[23] M. Alishahiha, R. Fareghbal and A. E. Mosaffa, "2D Gravity on AdS2 with Chern- 
Simons Corrections," JHEP 0901, 069 (2009) |arXiv:0812.0453l [hep-th]]. 

[24] Y. S. Myung, Y. W. Kim and P. Young- Jai, "Topologically massive gravity on AdS2 
spacetimes," [arXivL0901.2141 [hep-th]. 

[25] D. Anninos, W. Li, M. Padi, W. Song and A. Strominger, "Warped AdS3 Black Holes," 
arXiv:0807.3040 [hep-th]. 

[26] M. Henneaux, C. Martinez and R. Troncoso, "Asymptotically anti-de Sitter spacetimes 
in topologically massive gravity," iarXiv:0901.2874 [hep-th]. 



9 



